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An Analytical Solution for Blast Waves

G. G. Bace* axp J. H. S. Lee*
McGill Unzversity, Canada

An approximate analytical method that is valid for the very low shock Mach number regime

of a blast wave is described in the present paper.

The method is based on the assumption of

a power-law density profile behind the blast wave. The exponent of the power-law density
profile is determined for each local shock Mach number from the mass integral. Solution of
the differential equations of continuity and momentum then yield the particle velocity and
the pressure distributions. The dependence of the shock decay coefficient on the shock

velocity is determined from the energy integral.

Comparison with the exact numerical solu-

tion of Goldstine and von Neumann and other existing analytical solutions indicates that the
present solution is surprisingly accurate for the very low shock strength regime as compared

to existing analytical solutions.

1.0 Introduction

HE theory of point blast waves is a very fundamental one

in gasdynamics and has been applied to a variety of
problems in hypersonic aerodynamics,!:? astrophysies,®* and
hypervelocity impact.>® The validity of the classical self-
similar solution of von Neumann,” Taylor,® and Sedov® is
confined to the early time regime when the shock wave is very
strong (i.e., 1/3> — 0). For intermediate times when the
shock strength is finite, small departures from the classical
self-similar solution due to counterpressure effects is ac-
counted for in the perturbation solution of Sakurai'® and the
“quasi-similar”’ solution of Oshima.!! For the asymptotic
motion at late times when 1/M,2 — 1, solutions have been ob-
tained by Whitham!? and Sedov.® Apart from exact nu-
merical solutions,'® there appears to be a lack of an accurate
analytical solution that provides an adequate deseription of
the blast motion for the entire regime. In the present paper
we describe an approximate analytical method that gave
a surprisingly accurate solution for the entire propagation
regime of a blast wave.

The present method is due to Rae® who laid down most of
the essential steps of the analyses but did not carry out the
work to completion. Following Rae, the analysis was
further developed by Lee.’* The essence of the method is to
assume a power-law density profile behind the blast wave, the
exponent of which is determined from the mass integral. This
then enables the particle veloeity profile to be obtained from
the differential equation of mass conservation. With the
form for the density and particle velocity profiles known, the
momentum equation can be integrated directly to determine
the pressure profile. Substituting these profiles into the
energy integral then yields a first-order differential equation
for the dependence of the decay coefficient on the shock
Mach number. The integration of this equation with the
given boundary conditions then completes the solution of the
problem. It should be noted that the assumption of a power-
law density profile was first proposed by Porzel,®® and it was
Rae® who pointed out the use of the energy integral for the
solution of the problem.

At the completion of the present work, it was found that a
similar attempt has been made by Sakurai® to obtain an
analytical solution valid for the entire propagation regime of
the blast wave. In Sakurai’s work, a linear velocity profile
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was first assumed. To obtain the density profile, it was
necessary to assume further that the derivative of the density
with respect to the shock Mach number in the continuity
equation can be neglected. This assumption is true only for
relatively high shock Mach number and considerable errors
are involved in the asymptotic regime when 1/4,2— 1. The
rest of Sakurai’s analysis is similar to the present work. A
more detailed discussion of Sakurai’s analysis and the accuracy
of his results will be given in later sections of this paper.

2.0 Theoretical Analysis

Following Rae,® the basic conservation equations for the
unsteady one-dimensional adiabatic motion of the perfect gas
behind the expanding blast wave can be written as

Conservation of mass:

(¢ — HOY/OL + Y(04/08) + jo(¥/&) = 20n(0¢/0n) (1)
Conservation of momentum:

(@ — £0¢/0f + 64 + (1/¢)of/0f = 20m(34/dn) (2)

Conservation of energy:

6-v(Z -1

28 Ty ae)“"f:

where the dimensionless parameters are defined as follows:
$(Em) = ulr,))/Ra(t)
JEm) = p(rb)/ (k.2
Y(&n) = o(r,t)/ po
0(n) = RBJR2 £ = r/R,(), n = /B2 = 1/M,°

and the numerical constant in Eq. (1) 7 = 0, 1, 2 for planar,
cylindrical, and spherical waves. Conserving the total
mass and the total energy enclosed by the blast wave at any
instant of time, one gets the mass and energy integrals as
follows:

Mass integral

[ veas = -~ @
0 j+1
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Energy integral:
I 1
1=y<? _7(7—1)(j+1)> ®
where
(e,
—-I;<7—1 2)£d$ 6)
~ (Rs/Ro)i*

Ro = (Eo/poco®k;)¥¢*D (characteristic explosion length)

and k; = 1, 2w, 4w forj = 0, 1, 2.

The boundary conditions at the shock front £ = 1 are the
standard normal shock relationships given as

¢l = [2/(v + DIA — n) @

JGm = 12/(y + DI = [(v = D/¥(y + Dln (8

y(Am) = (v +1)/(v =1+ 29 9

A physieal boundary condition that the solution must satisfy
is that ¢(0,7) = 0, which simply implies that the particle
velocity is zero at the centre of symmetry. The mathe-
matical formulation is now complete and the solution of
Egs. (1-3) satisfying the boundary conditions at the front
[i.e., Egs. (7) and (8)] and the energy integral [i.e., Eq. (5)]
then defines the dynamics of the blast wave and its flow
structure.

2.1 Density, Particle Velocity, and Pressure Profiles

On examining the basic conservation equations, it can be
seen that the continuity equation [i.e. Eq. (1)] contains only
two dependent variables, the density ¢ and the particle
velocity ¢. Hence by assuming the form of the solution for
one of them, the other can be found by solving the con-
tinuity equation. In Sakurai’s®® analysis, the particle
velocity profile was assumed to be a linear function of £
In order to determine the density profile, it requires a further
assumption that the term 265(¢/0n) be negligibly small.
This term is the same order of magnitude as the other terms in
Eq. (1) for low shock Mach numbers. Hence the results
become increasingly inaccurate as 1/M* — 1 in the asymp-
totic regime. However, if an appropriate form for the
density profile is assumed, then Eq. (1) reduces to a first-
order ordinary linear differential equation which can be
solved immediately for the particle velocity ¢(&,9) without
involving further approximations. Following Porzel* and
Rae, we assumed the density profile to be of the form

V(&) = YLnE® (10)

The exponent ¢(n) can be determined by substituting Eq. (10)
into Eq. (4) and evaluating the mass integral, an algebraic
equation for ¢(n) is obtained. Solving for ¢(%) one finds

g(n) = (G + DI — 1] (1n)

It should be noted that the density profile is completely
specified for every local shock Mach number by Eqgs. (9-11).

With the density profile known, its derivatives with respect
to £ and 7 can be readily evaluated. Substituting these into
Eq. (1), one obtains the following differential equation for ¢:

20y
¥(1,m)

(G + D (L,m) Inf] ===

+(q+J) g+ 1+

o £"
L)

Solving Eq. (12) subject to boundary condition that ¢(0,7)
= 0, one obtains the particle velocity profile to be

¢ = (1M1 — 6 Inf)
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where

_ _ —20p  dy(,n)
o1,myA,m dy

13)

Note that unlike the density profile, the particle velocity is
not explicitly determined for any loeal shock Mach number
since it contains the variable 8(n) which is as yet unknown.
In Sakurai’s analys1s the velocity is assumed to be linear,
hence the term © is neglected. Under this approximation,
the velocity profile is also completely specified for any local
shock Mach number. The present exact form for the particle
velocity profile [i.e., Eq. (13)] reduces to a linear function
of £in the strong shock limit as n — 0.

Substituting the density profile, the particle velocity profile
and their derivatives with respect to £ and 5 into the momen-
tum equation [i.e., Eq. (2)] one obtains

£= = f| =2om (5 o00,m -

(6 — Dol — 0 — 0Inp) + eqs] X

Y(A,mEDdE + C(n) (14

Equation (14) can be integrated directly and to evaluate the
constant of integration C(n), the boundary condition at the
shoek front [ie, &£ = 1, f(§7) = f(1,m)]is used. After some
algebraic manipulations, the pressure profile can be written as
FEm) = fm) + foldet2 = 1) +
fol&et2[(g + 2) Ing — 1] 4+ 1} +

ful2 — g2[(g + 2)* In% — 2(g + 2) In + 2]} (15)
where f(1,7) is the boundary condition at the shock front
given by Eq. (8) and

(1) [(l ~
¢+ 2

dn [¢>(1,n)9] lné) +

f2 = e){ﬁb(lﬂl) - ¢2(1)7l)} -

0 {tb(l,n) -

2 d¢(§717,n)”

fy = R4 <o {eqs(l,n) — 277&% [905(1,77)]} -

(g +2)2
09(1,1) ~ E°92(L2) + 204°(1))
Jo= 02, (L,y) /(g + 2)®

In the strong shock limit when % — 0, the pressure profile
simplifies to the following form

¥(1,0)6(1,0)

5@ = j00) + FREE

(g2 — D1 — ¢(1,0) — 6(0)]

(16)

This relationship is identical to that obtained by Sakurai for
the pressure profile. Summarizing one notes that in Sakurai’s
analysis, the profiles are always assumed to take on the sunph-
fied form valid only for strong shock waves. Hence in the
asymptotic weak shock regime, Sakurai’s approximate solu~
tion becomes quite inaccurate.

In the pressure profile given by Eq. (15), one notes that it
requires both the value of 0(n) and its first derivative d8(y)/dy
to be known before it can be evaluated.

2.2 Energy Integral
i

To complete the solution, the functional relationship be~
tween 8 and n must be determined. Substituting the density,
particle velocity, and the pressure profiles [i.e., Egs. (10, 13,
and 15)] into the energy integral [i.e., Eq. (5)] and solving for
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df(n)/dn one obtains the following equation:

dé 1 Dy + 49)

Ey/—=—§;]{9+1—2¢(1,77)* v+ 1

<v—nu+1{aLn~§9+4“j}+

40y(y + 1)

(Dy + 4n) [(Dl + 4ol ¢y + 1)
8n*(y + 1) g oy (1,m)

2m+n+wv—nu+1ﬂ7+”wa>]

202+ (v = DG + D]
Dy + 49

+

an

where Dy = v(j+3)+(— 1.

In the Eq. (17), the relationship for the dependence of the
shock radius y on the shock strength 7 is unknown. Hence
an additional equation for y(») is required. This can be ob-
tained directly from the definition of y(n) itself. Differen-
tiating Eq. 6 with respect to the shock radius B, and noting
the identity

Rd/dR, = 0M . d/dM, =

one obtains

—20nd/dy

dy/dn = — (5 + L)y/26n (18)

Equations (17) and (18) constitute a pair of first-order ordi-
nary differential equations for 6(n) and y(n) which can be
readily integrated by standard numerical methods.

To determine the shock trajectory, the identity

R, = dR./dt (19)
is used. In terms of the dimensional parameters y and 6,
Eq. (19) can be expressed in the following form:

cot 1 7 yVitidy

- T 2o g (20)

Hence as the solutions for y(n) and 6(n) are being deter-
mined, the integral in Eq. (20) can simultaneously be carried
out numerically yielding the shock trajectory.

2.3 Numerical Solutions

To determine 6(n) and y(n), the pair of differential equa-
tion [i.e., Eqs. (17) and (18)] must be integrated numerically
with the boundary conditions at 7 = 0

6(0) = 6o, y(0) = 0

However, one notes that both Eqgs. (17) and (18) are singular
at 7 = 0 since that boundary condition states that y(0) = 0.
Hence the slopes d8/dn = 0/0 and dy/dn = 0/0 are indeter-
minate. Therefore to perform the numerical integration, it
is necessary to evaluate both 6 and y at some small finite
value of 7 and proceed the integration from this point. To
seek solutions in the neighborhood of n = 0, 8(n) and y(n) are
expanded in the following power series:

6(n) = 6y + b1 4 0> + . ..
2n
y(m) = yn + yam® -+ ysn® .

Substituting the preceding perturbation series into Eqs. (17)
and (18) and equating terms of similar powers in 7, the coef-
ficients 6, and y. can readily be determined. Since the
algebraic expressions for these coefficients are rather lengthy,
they are tabulated in the Appendix. It should be noted that
the coefficient 6y was found to be

b = —( +1)/2

which yields the time exponent N = 2, £, and £ for spherical
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_6 SAKURAI'S LINEAR PARTICLE
VELOCITY PROFILE METHOD

SAKURA! (SECOND ORDER)

8- 001' 9( 7)+8217
PRESENT 'SOLUTION

GOLDSTINE & VON NEUMANN
05) SAKURA! {FIRST ORDER) N A
. N\
8= 50-}-9177 \
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Fig. 1 The variation of the shock decay coefficient § vs
shock strength 5 for spherical blast waves, v = 1.4.

eylindrical and planar waves as in the classical self-similar
solution.

For given geometry and the specific heat ratio “vy,”
the perturbation coefﬁmentb #. and y, are first determined.
With 8(y*) and y(5*) evaluated at some small value of n = n*
where n* « 1, Eqs. (17) and (18) are then integrated nu-
merically using the Range-Kutta method. In the present
work, we found that using the Range-Kutta method, the step
size h used must be small as compared to #* in the early phases
of the integration, otherwise large errors are generated. It
was found that using /7" < 0.05 gave good results.

For the shock trajectory, an analytical expression can be ob-
tained for » < 1 using the perturbation series for y(y). Sub-
stituting Eq. (21) into Eq. (20) and evaluating the integral
one obtains

“ >3

;%z = 2y, /ity G+/2G+D] [_H—% +
; 3
T ;i7+;?9+“1<m
where
Ty = »(G + 2/lnG + D]
Te = (& + Dlys/vn — v/ [2G + D21}/ G+ 1)
Ts = (3 + Diya/v — Jysys/ (G + D1 +

7+ D/ 16y + D2Y/G + 1)

3.0 Results and Discussions

The solutions for 8(#) and Es/Ry(x) for the case of spherical
blast wave in air (i.e.,j = 2, v = 1.4) are shown in Figs. 1
and 2, respectively. Also plotted for comparison are the re-
sults from the exact solution of Goldstine and von Neuman,*®
the perturbation solution of Sakurai,®® the quasi-similar
solution of Oshima as computed by Lewis,”” and the approxi-
mate linear velocity profile solution of Sakurai.®® As indi-
cated in Fig. 2, all the approximate analytical solutions agree
quite well with the exact solution in the strong and moderate
shock strength regime (i.e., 2 < M, < «). For the asymp-
totic weak shock regime (i.e., M, < 2) the present solution
gave remarkably accurate results. Thisis perhaps due to the
fact that the present method satisfies the boundary conditions
at the shock front and the conservation of total mass and
energy at all times. Hence the solution is accurate as long as
the density distribution behind the blast wave can ade-
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4r POWER LAW DENSITY
SOLUTION

Ry SAKURA!'S LINEAR PARTICLE
Ry VELOCITY PROFILE METHOD

GOLDSTINE = VON NEUMANN
3)_ EXACT NUMERICAL SOLUTION\/
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Fig. 2 The variation of shock strength 7 vs shock radius
Rs/R, for spherical blast waves, v = 1.4.

quately be described by a simple power law. For blast
waves the power-law form for the density profile is quite
valid except in the acoustic limit when M, — 1 and the density
becomes virtually constant behind the shock. However,
even in the acoustic limit when the profiles are poorly de-
scribed by the present method, the fact that the integrated
quantities such as total mass and energy are conserved should
not affect the accuracy of the shock trajectory.

The pressure, density, and the particle velocity profiles for
various shock Mach numbers are shown in Figs. 8-5, respec-
tively. Of particular interest are the particle velocity profiles
shown in Fig. 5 where the inclusion of the second term in Eq.
13 results in a region behind the blast wave where the velocity
is negative (i.e. directed towards the center of symmetry) in
the moderate and weak shock regime. The existence of such
a negative velocity region corresponds to the results obtained
by exact numerical methods as reported in Sedov’s® mono-
graph. From Fig. 3, one notes that the present pressure pro-

r/Rg

Fig. 3 The pressure distributions behind spherical blast
waves of various shock strengths, v = 1.4,
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r/Rs )

Fig. 4 The density distributions behind spherical blast
waves of various shock strengths , v = 1.4.

files for very weak shocks tends to approach the N-wave form
for spherical acoustic waves.

It should be noted that although the present method con-
serves the total energy enclosed by the blast wave at any in-
stant of time, the energy distribution is not exact. The dif-
ferential equation of energy conservation [i.e., Eq. (3) ] will not
be satisfied upon substitution of the density, particle velocity,
and the pressure profiles [i.e., Eqgs. (10, 13, and 15)] into it.
The error in the energy profile is a direct consequence of the
approximation involved in the assumption of the power-law
density profile. For the case of strong spherical blast (i.e.,
n = 0) in a medium with v = 7, the assumed power law
density profile is exact and the energy equation [i.e., Eq. (3)1is
satisfied.

Appendix

The coefficients 6.’s and y.’s of the perturbation expres-
sions given in Eq. (21) are as follows:

b = —(+ /2

1 = —E/(CL + Ai6))

6y = 62[A: + By + Co/b + Eo/(y:6)1/C:
vr = —nbi/b

02

e

-6 N I I L

Fig.5 The particle velocity distributions behind spherical
blast waves of various shock strengths 7, v = 1.4.
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b,

Ys

b3

Ya

It

62[4s + (By — 1)0; + Bofhy + (C160:2/6e2 — C16:/6, +
Cs)/ 60 + Es/(5:100)1/[Cy -+ Er/(2y1)]
y116:%/ 60 — 65/(260) ]
6,2((B; — 2)8, + Bsb; + B +
{C1[20.65/6,% — 6:3/0%] + Ca2(6:2/ 66 — 6:/8) —
Cib/0 + Ca} /6y + {E16:0:/ (36,7 —
E\0:/(260)}/ (y160))/{C1 + 2E1/ (3yn) }
y1176:0:/(260%) — 30:%/60® — 6/60}/3

where the A’s, B’s, ete. are given by

Ay

A,

A
B,
B,
B;
C:

C,

Cs

Cs
E,
E.

Es

and

Dy/[4(v + 1]

-3+ L2+ @& -DGFDVE+FD+
BDy + 4)/[4(y + D]

l—@O-DG+DVy+1)

Bl

224+ (v = DG+ DI/Dy
=82+ (v — DG + DI/D?
DiDy + j(v + D/ Ay + 1)?]

{—=D2+ Di6 — (v — D@ + 1] +
4(y — D}/ [4(y + D?]

D=6+ (v — DG+ DI+ ,
42 — (v — D@ + DI/ [4(y + 1)?]

—2-@-DG+DI/(v+1?
—(y — DG + DD/ [8(v + D]
—(v=DG+DD/(y + 1
=20y - DG+ D/(v + 1)

Di=v(G+8) +i-1
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